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DERIVED AND ABELIAN EQUIVALENCE OF K3
SURFACES
DANIEL HUYBRECHTS
Any isomorphism X ∼= X ′ between two schemes induces an equivalence
Coh(X) ∼= Coh(X ′) between their abelian categories of coherent sheaves.
Due to a classical result of Gabriel [5] the converse holds true as well. Thus,
X ∼= X ′ ks +3 Coh(X) ∼= Coh(X
′).
Is there a similar statement when isomorphism of schemes is replaced by
derived equivalence? More precisely, can one naturally associate abelian
categories to two varieties X and X ′ such that the varieties are derived
equivalent if and only if there exists an equivalence between the abelian
categories?
We will restrict to complex K3 surfaces and prove
Theorem 0.1. Two complex projective K3 surfaces X and X ′ are derived
equivalent if and only if there exist complexified Ka¨hler classes B + iω
and B′ + iω′ on X respectively X ′ such that the two abelian categories
AX(exp(B + iω)) and AX′(exp(B
′ + iω′)) are equivalent. Thus,
Db(X) ∼= Db(X ′) ks +3 AX(exp(B + iω)) ∼= AX′(exp(B
′ + iω′)).
Here, Db(X) is the bounded derived category Db(Coh(X)) and the equi-
valence on the left hand side is linear and exact. By definition A(exp(B +
iω)) is the full subcategory of all complexes F • ∈ Db(X) with cohomology
concentrated in degree −1 and zero and such that H−1(F •) is torsion free
with µmax ≤ (B.ω) and the torsion free part of H
0(F •) satisfies µmin >
(B.ω). (For the notation and the details of this definition see Section 1.)
In our situation, B + iω can be taken as a complexified ample class, i.e.
B + iω ∈ Pic(X) ⊗ C with ω ∈ Pic(X) ample. The two directions of the
theorem are proved in Section 1 (Cor. 1.3) respectively Section 5 (Cor. 5.3).
The abelian category AX(exp(B + iω)) is the heart of a t-structure on
Db(X) that has been studied by Bridgeland in [4] in his quest for stability
conditions on the triangulated category Db(X). Bridgeland introduced the
concept of stability conditions, in [1] in an effort to understand Douglas’s
work on stability of branes. Roughly, a stability condition on a triangu-
lated category consists of a t-structure and a stability function on its heart
satisfying the Harder–Narasimhan property. It is surprisingly difficult to
construct stability conditions on the derived category of a higher dimen-
sional projective Calabi–Yau variety. In [4] Bridgeland considers the case
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of K3 surfaces. In order to get started he needs to construct explicit exam-
ples of stability conditions and the heart of those are the abelian categories
A(exp(B + iω)). (The abelian category Coh(X) never occurs as the heart
of a stability condition.)
This paper grew out of the attempt to understand the geometric meaning
of the abelian categories A(exp(B + iω)).
The naive idea to prove Gabriel’s result that any equivalence Coh(X) ∼=
Coh(X ′) induces an isomorphism of the K3 surfaces X and X ′ is the follow-
ing. First note that the simple objects (or the minimal objects, as we will
call them, see Section 1) of Coh(X) are the structure sheaves k(x) of closed
points x ∈ X. Since this is an intrinsic notion, any equivalence of abelian
categories sends minimal objects to minimal objects. Thus, the equivalence
Coh(X) ∼= Coh(X ′) induces a bijection X ∼= X ′ and, in order to fully prove
Gabriel’s result, one only has to show that this bijection is a morphism.
From this point of view it is natural to wonder how the minimal objects
of A(exp(B + iω)) look like. This question is interwoven with Theorem 0.1
and we shall give the following complete classification in Section 2 (Prop.
2.2):
Theorem 0.2. For a K3 surface X the minimal objects in A(exp(B+ iω))
are precisely the objects
• k(x), where x ∈ X is a closed point and
• F [1], where F is a µ-stable locally free sheaf with µ(F ) = (B.ω).
Thus, any equivalence between AX′ and AX will either induce an isomor-
phism X ′ ∼= X or will map closed points in X ′ to shifted µ-stable vector
bundles on X. In order to combine both theorems, we have to prove a
stronger version of Orlov’s well-known result saying that two K3 surfaces
are derived equivalent if and only if one is a moduli space of stable sheaves
on the other. In Proposition 4.1 we actually prove that in Orlov’s result one
can replace ‘stable’ by ‘µ-stable’ and ‘sheaves’ by ’vector bundles’.
The abelian category A(exp(B+iω)) plays a decisive role in D-equivalence
of K3 surfaces, but it also appears naturally from a differential-geometric
point of view. The minimal objects of A(exp(iω)), besides the point sheaves,
are (shifted) hyperholomorphic bundles, i.e. bundles that are holomorphic
with respect to all hyperka¨hler rotations (with respect to ω) of the original
complex structure. A short discussion of this point of view is included in
Section 6.
The last section of this paper proves stability of Fourier–Mukai transforms
of certain µ-stable vector bundles. The main result not only yields stability
in cases not covered by existing result, but it gives, maybe more interest-
ingly, a conceptual explanation when and why stability of a Fourier–Mukai
transform of a µ-stable vector bundle can be expected with Mukai vector
v = (r, ℓ, s). There we prove
Theorem 0.3. There exists a polarization H ′ on X ′ such that for any µ-
stable vector bundle E on X with µ(E) = −(ℓ.H)/r one has either
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• Φ(E) ∼= k(y)[−2] if [E∨] ∈MH(v) or otherwise
• Φ(E) ∼= F [−1] with F a µH′-stable vector bundle on X
′.
Acknowledgements. I am grateful to Tom Bridgeland for writing [4],
answering my questions on it, and reminding me of some of the many useful
results in Mukai’s paper [14]. Discussions with Alastair King were helpful
to get my ideas straight.
1. Abelian equivalence yields derived equivalence
A torsion pair in an abelian category C is a pair of full subcategories
T ,F ⊂ C such that HomC(T, F ) = 0 for all T ∈ T , F ∈ F and such that
every object E ∈ C fits into a short exact sequence
0 // T // E // F // 0
for some T ∈ T and F ∈ F .
Following [6] one associates to a given torsion pair (T ,F) in C a t-structure
on the bounded derived category Db(C) by setting
D≤0 := {F • ∈ Db(C) | H i(F •) = 0, i > 0; H0(F •) ∈ T }
and
D≥0 := {F • ∈ Db(C) | H i(F •) = 0, i < −1; H−1(F •) ∈ F}.
Its heart, also called the tilt of C, is the abelian category
A(T ,F) := D≤0 ∩D≥0
= {F • ∈ Db(C) | H i(F •) = 0, i 6= 0,−1; H0(F •) ∈ T ; H−1(F •) ∈ F}.
Thus, any object in A(T ,F) is isomorphic to a complex of the form
F−1
ϕ
// F 0
with coker(ϕ) ∈ T and ker(ϕ) ∈ F . Note that in particular F [1] and T are
both naturally contained in A(T ,F). Moreover, (F [1],T ) is a torsion pair
in A(T ,F) whose tilt is C[1].
A torsion pair (T ,F) is called tilting if every object in C is a subobject of
an object in T . Similarly, (T ,F) is cotilting if every object in C is a quotient
of an object in F . In the latter case, every object in C admits a resolution
of length two by objects in F . Indeed, any subobject of an object in F is in
F .
Suppose (T ,F) is a cotilting torsion pair. Then the natural inclusion
F ⊂ C induces an exact equivalence Db(F) //Db(C) (see [2, Lemma 5.4.2]).
Similar, if (T ,F) is tilting, then Db(T ) ∼= Db(C) is an equivalence. Using
that (T ,F) is a cotilting torsion pair in C if and only of (F [1],T ) is a tilting
pair in A(T ,F) (see [6, Prop. I.3.2]) one obtains for a cotilting pair (T ,F)
two exact equivalences
Db(F) ∼= Db(C) and Db(F) ∼= Db(F [1]) ∼= Db(A(T ,F)).
This yields
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Proposition 1.1. For any cotilting torsion pair (T ,F) in an abelian cate-
gory C there exists an exact equivalence
Db(C) ∼= Db(A(T ,F)).
The result was first proved in [6] under additional assumptions (e.g. the
existence of enough injectives in C) and in the above form in [2, Prop. 5.4.3].
Let us now turn to the more concrete situation where the abelian category
C is the category Coh(X) of coherent sheaves on a smooth projective variety
X of dimension n.
We fix a polarization H or, more generally, a Ka¨hler class ω, so that de-
gree deg(F ) and slope µ(F ) of a coherent sheaf F on X can be defined
as deg(F ) :=
∫
X
c1(F ).H
n−1 (respectively
∫
X
c1(F ).ω
n−1) and µ(F ) :=
deg(F )/rk(F ).
The Harder–Narasimhan-filtration (HN-filtration for short) of a coherent
sheaf F is the unique filtration
0 ⊂ F0 ⊂ F1 ⊂ . . . ⊂ Fn = F
that satisfies the following conditions: i) F0 is the torsion part of F , ii) The
quotients Fi+1/Fi are torsion free and µ-semistable for i = 0, . . . , n− 1, and
iii) µ(F1/F0) > . . . > µ(Fn/Fn−1).
Existence and uniqueness are easy to prove, see e.g. [8, Thm. 1.6.7]. One
denotes µmax(F ) := µ(F1/F0) and µmin(F ) := µ(Fn/Fn−1) provided F is
not torsion.
For β ∈ R one introduces the full subcategories
T (β),F(β) ⊂ Coh(X).
By definition T (β) is the category of all coherent sheaves F with µmin(F ) >
β or F is a torsion sheaf and F(β) is the category of all torsion free coherent
sheaves F with µmax(F ) ≤ β or F ∼= 0.
The following is an immediate consequence of the basic properties of µ-
semistable sheaves and the existence of the HN-filtration.
Proposition 1.2. With the above notation T (β),F(β) ⊂ Coh(X) is a tor-
sion pair. 
Torsion pairs of this form have been introduced by A. Schofield and were
later studied for curves in [18] and for K3 surfaces in [4].
Let us denote the heart of the induced t-structure by A(β) (or, AX(β) if
the dependence on X needs to be stressed). Thus, A(β) is the following full
subcategory of Db(X) = Db(Coh(X)):
A(β) := { F−1
ϕ
// F 0 | ker(ϕ) ∈ F(β), coker(ϕ) ∈ T (β)}.
Note that, although not reflected by the notation, A(β) depends on β and
on the chosen polarization (respectively Ka¨hler class).
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Corollary 1.3. Suppose X and X ′ are smooth projective varieties endowed
with polarizations H respectively H ′ (or Ka¨hler classes ω respectively ω′).
If for two real numbers β, β′ the abelian categories AX(β) and AX′(β
′) are
equivalent, then X and X ′ are derived equivalent. In other words,
AX(β) ∼= AX′(β
′) +3 Db(X) ∼= Db(X ′).
Remark 1.4. HN-filtrations not only exist with respect to µ-semistability
(see [8, Ch. 1]). As only the formal properties were used, the above discussion
goes through unchanged for e.g. Gieseker stability for which the slope µ(F )
is replaced by the Hilbert polynomial χ(F (n)).
In the following we shall be interested in the case of an algebraic K3
surface X. The K3 surface X will be endowed with a Ka¨hler class ω ∈
NS(X) ⊗ R ∼= H1,1(X,Z) ⊗ R and a B-field B ∈ NS(X) ⊗ R. Then let
β := (B.ω).
Instead of considering B and ω or the complexified Ka¨hler class B + iω,
one more naturally uses exp(B+iω) = 1+(B+iω)+(B+iω)2/2 ∈ H∗(X,C),
which can be seen as a generalized Calabi–Yau structure on X. This point
of view fits nicely with the picture proposed by mirror symmetry. For a
discussion see [10].
Changing the notation of [4] slightly we shall thus write
T := T (exp(B + iω)) := T (β), F := F(exp(B + iω)) := F(β)
and
A(exp(B + iω)) := A(β).
In particular Corollary 1.3 for two K3 surfaces X and X ′ reads:
AX(exp(B + iω)) ∼= AX′(exp(B
′ + iω′)) +3 Db(X) ∼= Db(X ′).
Using the Mukai vector v(F ) = ch(F )
√
td(X) = (r, ℓ, s), Bridgeland
introduces
Z(F ) := 〈v(F ), exp(B + iω)〉
in order to construct a stability function on the abelian category A(exp(B+
iω)) (see [4, Sect. 5]). Here, 〈 , 〉 is the Mukai pairing.
Clearly,
Im 〈v(F ), exp(B + iω)〉 = (ℓ.ω)− r(B.ω) = (ℓ.ω)− rβ.
Thus, for r 6= 0, the slope Z(F ) is contained in the upper half plane if and
only if µ(F ) > β. Also, for F ∈ T one has Im(Z(F )) ≥ 0 and, similarly,
if F ∈ F , then Im(Z(F )) ≤ 0. Using v(F [1]) = −v(F ), this shows that
Im(Z(F •)) ≥ 0 for all F • ∈ A(exp(B + iω)).
Remark 1.5. In [4, Lemma 5.2] it is shown that Z(F •) ∈ R>0 exp(iπφ(F
•))
with the phase φ(F •) satisfying 0 < φ(F •) ≤ 1 holds for all 0 6= F • ∈
A(exp(B + iω)) if and only if Z(F ) 6∈ R≤0 for all spherical sheaves F . Note
that the latter holds as soon as (ω.ω) > 2.
6 DANIEL HUYBRECHTS
For later use we note that Im(Z(k(x))) = 0 for any closed point x ∈ X and
Im(Z(F [1])) = 0 for any µ-stable vector bundle F with µ(F ) = β. Under
the assumption of the remark, this is equivalent to φ(k(x)) = φ(F [1]) = 1.
2. Minimal objects in A
The aim of this section is to classify minimal objects in A(exp(B + iω))
(modulo a technical result postponed to the next section).
Recall that a non-trivial object A in an abelian category A is called mini-
mal if any surjection A // //B with B 6= 0 is an isomorphism. Equivalently, A
is minimal if and only if every injection 0 6= C 

//A is an isomorphism, i.e.
A has no proper subobjects. Usually, objects of this type are called simple,
but ‘simple’ for a sheaf F ∈ Coh(X) has also a different meaning, i.e. that
End(F ) = k, so we rather use ‘minimal’ instead.
Here are a few easy observations. Suppose A is minimal and ϕ : A //B
is a morphism. Then either ϕ = 0 or ϕ is injective. If in addition B is
minimal as well, then either ϕ = 0 or ϕ is an isomorphism.
Example 2.1. As was mentioned earlier in the introduction, the minimal
objects in Coh(X) are the point sheaves k(x) with x ∈ X a closed point.
These minimal objects have the additional property that any non-trivial
sheaf F ∈ Coh(X) admits a surjection F // // k(x) for some x ∈ X.
Note however that they do not generate Coh(X). Recall that a collection
of objects in an abelian category generates the category if every object ad-
mits a filtration whose quotients are isomorphic to objects in the collection.
We shall be interested in the abelian category A := A(exp(B + iω)) on
a K3 surface X, which is by definition a full subcategory of the derived
category Db(X) obtained as a tilt of Coh(X) with respect to a torsion pair
(T ,F).
As this will be frequently used in the following discussion, we recall
the following standard fact (see [13, p. 415]): Let A be the heart of a t-
structure on a triangulated category D. If 0 // A // B // C // 0 is a
short exact sequence in A, then there exists a map C //A[1] such that
A // B // C // A[1] is a distinguished triangle in D. Conversely, if
A //B //C //A[1] is a distinguished triangle in D with objects A,B,C
in A, then 0 // A // B // C // 0 is a short exact sequence in A.
In the following B + iω ∈ NS(X)C is a complexified Ka¨hler class, i.e.
ω ∈ NS(X)R is a Ka¨hler class and B ∈ NS(X)R is arbitrary. Stability is
considered with respect to ω and we do not assume ω or B to be rational.
Proposition 2.2. The minimal objects in A(exp(B+ iω)) are precisely the
objects
• k(x), where x ∈ X is a closed point and
• F [1], where F is a µ-stable locally free sheaf with µ(F ) = (B.ω).
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Proof. To shorten the notation we write (T ,F) for the torsion pair induced
by exp(B + iω). Similarly, A := A(exp(B + iω)). As before, we use β :=
(B.ω).
i) Point sheaves are minimal. First, k(x) ∈ T ⊂ A for any closed
point x ∈ X. Suppose k(x) // //F • is a non-trivial surjection in A which we
complete to a short exact sequence
0 // E• // k(x) // F • // 0
in A. Considered as a distinguished triangle in Db(X) it yields the long
exact sequence
0 // H−1(E•) // 0 // H−1(F •) // H0(E•) // k(x) // H0(F •) // 0.
Thus, E• ∼= E with E ∈ T . Moreover, H−1(F •) and H0(E•) ∼= E are
isomorphic on X \ {x}. Since H−1(F •) ∈ F , this yields for H−1(F •) 6= 0
the contradiction
β < µmin(E) = µmin(H
−1(F •)) ≤ µmax(H
−1(F •)) ≤ β.
Hence, H−1(F ) = 0, i.e. F • ∼= H0(F •) 6= 0. By minimality of k(x) as an
object in Coh(X), the surjection k(x) // //H0(F •) is an isomorphism and
hence the surjection k(x) // //F • in A is one.
ii) Stable vector bundles of slope β are minimal. Let F be a µ-
stable locally free sheaf with µ(F ) = β. Then F [1] ∈ A by definition of A.
Consider a short exact sequence
(1) 0 // G• // F •[1] // E• // 0
in A. In order to show that F [1] ∈ A is minimal, one proves that either
G• = 0 or E• = 0. The long exact cohomology sequence of (1) considered
as a distinguished triangle in Db(X) reads
0 // H−1(G•) // F
ϕ
// H−1(E•) // H0(G•) // 0 // H0(E•) // 0.
Hence, E• ∼= E[1], where E is torsion free with µmax(E) ≤ β. Consider the
morphism ϕ : F //H−1(E•) ∼= E and its image E′. If ϕ is neither trivial
nor injective, then µ-stability of F yields the contradiction β = µ(F ) <
µ(E′) ≤ µmax(E) ≤ β.
If ϕ = 0, then H−1(E•) ∼= H0(G•) and (H−1(G•) ∼= F ). Since the only
common object of T and F is the trivial sheaf, the latter is only possible if
E ∼= 0. Hence, E• ∼= 0.
If ϕ is injective, then H−1(G•) = 0, i.e. G• ∼= G := H0(G•) and we get a
short exact sequence
0 // F // E // G // 0
in Coh(X) with E ∈ F and G ∈ T . As µmax(E) ≤ β, the sheaf G must
be torsion. If G is not concentrated in dimension zero, then deg(G) > 0
and hence µ(E) = (deg(G) + deg(F ))/rk(F ) > µ(F ) = β contradicting
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µmax(E) ≤ β. If G is concentrated in dimension zero, then Ext
1(G,F ) ∼=
Ext1(F,G)∗ ∼= H1(X,F∨⊗G)∗ = 0, for F is locally free. Thus, E ∼= F ⊕G,
which for G 6= 0 contradicts the torsion freeness of E.
iii) That’s all. Suppose F • ∈ A is minimal and F • 6∼= k(x) for all closed
points x ∈ X. The first two of the following claims, which we include here
for completeness sake, correspond to b) of Lemma 6.1 in [4].
Claim 1. H0(F •) = 0.
Otherwise, there exists a surjection H0(F •) // // k(x) in Coh(X) and hence
a non-trivial morphism F • // k(x) in A. As both objects are minimal, it
would necessarily be an isomorphism.
Hence, F • ∼= F [1] with F ∈ F .
Claim 2. F is locally free.
If not, then there exists a short exact sequence
0 // F // F ′ // k(x) // 0
in Coh(X) with F ′ still torsion free. Hence, F ′ ∈ F . Thus, the induced
distinguished triangle
k(x) // F [1] // F ′[1]
yields a short exact sequence in A, contradicting the minimality of F [1].
Claim 3. F is µ-stable.
If not, then there exists a short exact sequence
(2) 0 // F1 // F // F2 // 0
with F1, F2 torsion free, non-trivial and such that µ(F1) ≥ µ(F ) ≥ µ(F2).
Since F ∈ F , also F1, F2 ∈ F . Therefore the shift of (2) yields a short exact
sequence in A contradicting the minimality of F •.
Claim 4. µ(F ) = β.
Here we use Proposition 3.1 which shall be proved in the next section. It
asserts that as soon as µ(F ) < β, there exists a short exact sequence
0 // F // E // G // 0
of µ-stable vector bundles with µ(E) ≤ β < µ(G). The induced distin-
guished triangle
G // F [1] // E[1]
is then a short exact sequence in A which again contradicts the minimality
of F [1]. For an argument that does not make use of the full Proposition 3.1,
whose proof is unpleasantly long, see Remark 3.3. 
In the ‘irrational’ situation, the category A(exp(B + iω)) has the same
minimal objects as Coh(X). More precisely, the proposition yields:
Corollary 2.3. Suppose the complex polarization B+iω is chosen such that
ω ∈ NS(X)Q and (B.ω) 6∈ Q. Then the only minimal objects in A(exp(B +
iω)) are the point sheaves k(x).
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Proof. If ω is rational, then for any sheaf F the slope µ(F ) ∈ Q. In particu-
lar, there are no µ-stable vector bundles with µ(F ) = (B.ω). 
Remark 2.4. In the rational case, i.e. B,ω ∈ NS(X)Q, the minimal objects
described by the proposition share the property of the minimal objects in
Coh(X) alluded to in Example 2.1: Every non-trivial object in A(exp(B +
iω)) admits a surjection onto a minimal object.
Suppose F • ∈ A with H0(F •) 6= 0. Then, any surjection H0(F •) // // k(x)
induces a surjection F • // // k(x) in A. If H0(F •) = 0, then F • ∼= F [1]. We
may assume that F is µ-stable and locally free. If µ(F ) = (B.ω), then
F [1] ∈ A is minimal. If not, one uses Remark 3.4, iii), which says that there
always exists a short exact sequence 0 //G //F [1] //E[1] // 0 in A with
E µ-stable, locally free and such that µ(E) = β.
3. Stable extensions: A technical fact
Let us fix a Ka¨hler class ω on a projective K3 surface X and consider
degree deg and slope µ with respect to ω.
Proposition 3.1. Fix β ∈ R. If F is a µ-stable vector bundle on X with
(3) µ(F ) < β,
then there exists a short exact sequence
(4) 0 // F // E // G // 0
of µ-stable vector bundles with
(5) µ(E) ≤ β < µ(G).
The inequalities in (5) impose numerical conditions on the line bundles
obtained as the determinants of the bundles in (4). The existence of the line
bundles is shown first.
In the following we let L := det(F ) and r := rk(F ).
Lemma 3.2. Suppose µ(F ) < β. Then there exist a line bundle L′ and an
integer r′ > 0 such that
(6)
deg(L) + deg(L′)
r + r′
≤ β <
deg(L′)
r′
.
Moreover, L′ can be chosen such that L and L′ are linearly dependent.
Proof. Suppose we can prove the existence of L′ and r′ satisfying (6) for a
twist F ⊗H of F by some (ample) line bundle H. Then L′ ⊗H−r
′
would
satisfy (6) for F itself. Note that µ(F ) < β if and only if µ(F ⊗ H) <
β+deg(H). Therefore, we may add the simplifying assumption 0 < deg(L).
The line bundle L′ will be chosen of the form L′ := Lℓ
′
for some integer
ℓ′ > 0. Dividing (3) and (6) by deg(L) the two inequalities become (with
β˜ := β/deg(L)):
1 < rβ˜ and
1 + ℓ′
r + r′
≤ β˜ <
ℓ′
r′
.
10 DANIEL HUYBRECHTS
The latter is equivalent to
β˜ <
ℓ′
r′
≤ β˜ +
β˜r − 1
r′
.
To conclude recall the standard fact that for any x ∈ R>0 and all ε > 0
there exists a rational number a
b
with a, b positive integers such that 0 <
a
b
− x < ε
b
. Apply this to x := β˜ and ε := β˜r − 1 and set ℓ′ = a and
r′ := b. 
Remark 3.3. Although of interest in its own right, Proposition 3.1 is in this
note only used in the proof of Proposition 2.2. As the proof of Proposition
3.1 is rather lengthy, I’m very grateful to Tom Bridgeland who pointed out
the following shortcut to the argument in Claim 4 in Section 2.
Suppose L′ and r′ are as in the Lemma and suppose there exists a µ-stable
vector bundle E with χ(F,E) > 0. Then Hom(F,E) 6= 0 or Hom(E,F ) 6= 0,
but the latter is excluded by stability. A non-trivial morphism F //E with
E µ-stable of slope ≤ β gives rise to a non-trivial morphism F [1] //E[1]
in A. But in the proof of Proposition 2.2 the object F [1] was supposed to
be simple and, therefore, any non-trivial morphism from F [1] is injective
in A. However, the quotient G• (in A!) of F [1] //E[1] satisfies (c1(G
•) −
rk(G•)B.ω) = −(ℓ′.ω) + r′β < 0, which contradicts G• ∈ A.
Finally, one observes that χ(F,E) = −〈v(F ), v(E)〉, but if v(E) = (r +
r′, ℓ + ℓ′, s′), then 〈v(F ), v(E)〉 = (ℓ.ℓ + ℓ′)− rs′ − (r + r′)s < 0 for s′ ≫ 0.
Thus, µ-stable vector bundles E of rank r + r′ with det(E) ∼= L ⊗ L′ and
c2(E) ≫ 0, which certainly exist, will yield the above contradiction to the
minimality of F [1].
Let us now prepare the proof of Proposition 3.1. In the course of the
proof we shall make use of the existence of e-stable vector bundles. Here e is
a real number, usually positive, and a torsion free sheaf G is called e-stable
if for all subsheaves 0 6= G1 ⊂ G with rk(G1) < rk(G) one has
µ(G1) < µ(G)−
e
rk(G1)
.
For e > 0 this is in general a stronger version of µ-stability.
O’Grady proved the existence of e-stable vector bundles with large second
Chern number: For fixed e, L′, and r′ and c ≫ 0, there exists an e-stable
vector bundle G with det(G) ∼= L′, rk(G) = r′, and c2(G) = c. The bound
can be made effective (see [15] or [8, Thm. 9.11]).
Proof of Proposition 3.1. In the following we let L′ and r′ be as in Lemma
3.2 and we assume furthermore r′ ≥ r. The vector bundle G will be chosen
such that det(G) ∼= L′ and rk(G) = r′. The remaining numerical invariant
of G is its second Chern number c2(G), which will have to be chosen large
enough.
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Consider any extension (possibly trivial)
(7) 0 // F // E // G // 0
and a proper saturated subbundle 0 6= E1 ⊂ E. Then let F1 := F ∩ E1 and
G1 := E1/F1 = Im(E1 //G).
The following short-hands will be used throughout: ℓ := deg(L), ℓ′ :=
deg(L′), ℓ1 := deg(F1), ℓ
′
1 := deg(G1), r1 := rk(F1), and r
′
1 := rk(G1).
i) If G1 = 0, then F1 = E1. Hence, by the µ-stability of F one finds
µ(E1) = µ(F1) ≤ µ(F ) < µ(E).
ii) Suppose 0 < rk(G1) < rk(G).
Claim. If G is e-stable for some e ≥
(
r′r−r
r+r′
)(
ℓ′
r′
− ℓ
r
)
, then µ(E1) < µ(E).
The µ-stability of F yields
µ(E1) =
ℓ1 + ℓ
′
1
r1 + r
′
1
=
ℓ1
r1
·
r1
(r1 + r
′
1)
+
ℓ′1
r′1
·
r′1
(r1 + r
′
1)
≤
ℓ
r
·
r1
(r1 + r′1)
+
ℓ′1
r′1
·
r′1
(r1 + r′1)
(We leave it to the reader to verify that this makes sense also in the case
r1 = 0.) Thus, it suffices to show that the right hand side is smaller than
µ(E) = ℓ+ℓ
′
r+r′ or, equivalently, that
ℓ′1
r′1
<
(ℓ+ ℓ′)
r′1
·
(r1 + r
′
1)
(r + r′)
−
ℓ
r
·
r1
r′1
.
Since G is e-stable and rk(G1) < rk(G), one has
ℓ′1
r′1
<
ℓ′
r′
−
e
r′1
.
Hence µ(E1) < µ(E) if
ℓ′
r′
−
e
r′1
<
(ℓ+ ℓ′)
r′1
·
(r1 + r
′
1)
(r + r′)
−
ℓ
r
·
r1
r′1
or, equivalently, if (
ℓ′
r′
−
ℓ
r
)(
r′1r − r
′r1
r + r′
)
< e.
The maximum of the left hand side with 0 ≤ r1 ≤ r and 0 < r
′
1 < r
′ is
attained for r1 = 0 and r
′
1 = r
′ − 1 and yields
(
r′r−r
r+r′
)(
ℓ′
r′
− ℓ
r
)
.
iii) Consider now the remaining case that rk(G1) = rk(G). Since E1 ⊂ E
is a saturated and proper subsheaf, F/F1 is torsion free and rk(F1) < rk(F ).
If E1 is µ-destabilizing, then µ(E1) ≥ µ(E) or, equivalently,
(8) ℓ1 ≥ (ℓ+ ℓ
′)
r1 + r
′
r + r′
− ℓ′1.
Consider
S := {F1 ⊂ F | F/F1 torsion free, µ(F1) ≥ C}
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with C := (ℓ+ ℓ′) r1+r
′
r+r′ − ℓ
′. Note that C is bigger than the right hand side
of (8).
If ξ ∈ Ext1(G,F ) denotes the extension class of (7) and η ∈ Ext1(S,F/F1)
the extension class of the induced short exact sequence
0 // F/F1 // E/E1 // S := G/G1 // 0,
then they yield identical classes in Ext1(G,F/F1) under the natural maps
Ext1(G,F ) //Ext1(G,F/F1) respectively Ext
1(S,F/F1) //Ext
1(G,F/F1).
Suppose we can choose G and ξ ∈ Ext1(G,F ) such that:
(A) For all F1 ∈ S the image of ξ is not contained in the image of
Ext1(S,F/F1) //Ext
1(G,F/F1) for any torsion quotient G // // S.
Then E does not admit a destabilizing subsheaf with rk(G1) = rk(G).
iv) To conclude the proof it suffices to show that there exists an e-stable
vector bundle G with det(G) = L′, rk(G) = r′, e as in ii), and an extension
class ξ ∈ Ext1(G,F ) satisfying (A).
First note that due to a lemma of Grothendieck (see [8, Lemma 1.7.9])
the family S is bounded. Next consider the reflexive hull of F/F1 which sits
in a short exact sequence
0 // F/F1 // (F/F1)
∨∨ // T // 0
for some torsion sheaf T . Applying Hom(S, ) yields a bijection Hom(S, T ) ∼=
Ext1(S,F/F1) for any torsion quotient G // // S. Thus there is a commutative
diagram
Hom(S, T )
 _

∼ // Ext1(S,F/F1)

Hom(G,T ) // Ext1(G,F/F1),
which shows that the image of Ext1(S,F/F1) //Ext
1(G,F/F1) is contained
in the image of Hom(G,T ) //Ext1(G,F/F1) which is independent of S.
Since S is a bounded family, the length of the occurring sheaves T =
(F/F1)
∨∨/(F/F1) with F1 ∈ S is bounded by say a. Hence, for any F1 ∈ S
the dimension of⋃
G // // S
Im
(
Ext1(S,F/F1) //Ext
1(G,F/F1)
)
⊂ VF1 := Im
(
Hom(G,T ) //Ext1(G,F/F1)
)
is bounded by r′a.
Consider the pre-image V ′F1 ⊂ Ext
1(G,F ) of VF1 ⊂ Ext
1(G,F/F1) under
Ext1(G,F ) //Ext1(G,F/F1).
In order to find ξ satisfying (A) it suffices to show that for c2(G) ≫ 0 and
G generic, the algebraic set
⋃
F1∈S
V ′F1 ⊂ Ext
1(G,F ) has dimension strictly
smaller than ext1(G,F ).
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By definition, dim(V ′F1) ≤ dim(VF1) + ext
1(G,F1). Thus,
dim(
⋃
F1∈S
V ′F1) ≤ r
′a+ sup{ext1(G,F1) | F1 ∈ S}+ dim(S).
Write ext1(G,F1) = hom(G,F1) + hom(F1, G) − χ(G,F1). Clearly, if G
is µ-stable, then Hom(G,F1) ⊂ Hom(G,F ) = 0. Since S is bounded, there
exists a constant µ0 such that µ0 ≤ µ(Fˆ1) for all quotients F1 // // Fˆ1 of a
sheaf F1 ∈ S.
If G is e-stable with e ≥ µ(G) − µ0 =
ℓ′
r′
− µ0, then Hom(F1, G) = 0.
Indeed, for the image Fˆ1 of a non-trivial morphism F1 //G one would obtain
the contradiction µ0 ≤ µ(Fˆ1) < µ(G) − e ≤ µ0. (Recall r
′ ≥ r.)
The Riemann–Roch formula then shows that for e ≥ ℓ
′
r′
− µ0 and an e-
stable vector bundle G the dimension ext1(G,F1) = −χ(G,F1) grows like
r1c2(G) for c2(G) //∞. On the other hand, ext
1(G,F ) grows at least like
rc2(G). Hence,
dim(
⋃
F1∈S
V ′F1) < dimExt
1(G,F )
for c2(G)≫ 0 and G an e-stable vector bundle for any e ≥
ℓ′
r′
− µ0.
Eventually choose e ≥ max{
(
rr′−r
r+r′
)(
ℓ′
r′
− ℓ
r
)
, ℓ
′
r′
− µ0}. 
Remark 3.4. i) The proof also shows that G (and hence E) can be chosen
such that det(F ) and det(G) are linearly dependent.
ii) The proposition holds true for any torsion free µ-stable sheaf F . Again,
G can be chosen locally free, but E would only be torsion free in this more
general situation.
iii) One can be a bit more specific about the slope µ(E). In fact, any
slope that could in principle be realized can also be realized as a slope µ(E).
For example if ω and β are both rational, then we can find E such that
µ(E) = β.
4. FM-partners via µ-stable vector bundles
Due to results of Mukai [14] and Orlov [17], one knows that two K3
surfaces X and X ′ are derived equivalent if and only if X ′ is a fine moduli
space of stable sheaves on X (see also [12, Ch. 10]). A priori ‘stable’ in this
context means ‘Gieseker stable’ (and not µ-stable) and the sheaves are just
torsion free (and not locally free). However, as will be shown in this section,
the stronger result holds true, i.e. one can work with µ-stable locally free
sheaves. The result might be known to the experts – the techniques certainly
are. In particular, Yoshioka treats this question in [25, Lemma 2.1], but I
was not always absolutely sure about the assumptions in [25] and in the
article [23] it is based on. In any case, as the explicit statement, crucial
for the rest of the paper, does not seem to be in the literature and for the
reader’s convenience, we include a complete proof here.
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Proposition 4.1. Two K3 surfaces X and X ′ are derived equivalent if and
only if either X ∼= X ′ or X ′ is isomorphic to a fine moduli space of µ-stable
vector bundles on X.
Proof. One direction is a special case of Mukai’s result. So, we only have to
prove that if Db(X ′) ∼= Db(X), then either X ∼= X ′ or X ′ is isomorphic to a
fine moduli space of µ-stable vector bundles on X.
i) We shall often need the following fact: If Φ : Db(Y )
∼ //Db(Y ′) is
an equivalence between two K3 surfaces with ΦH(0, 0, 1) = (0, 0, 1), then
Y ∼= Y ′. Indeed, ΦH then induces a Hodge isometry (0, 0, 1)⊥Y
∼ // (0, 0, 1)⊥Y ′
and a Hodge isometry of the quotients
H2(Y,Z) ∼= (0, 0, 1)⊥Y /(0, 0, 1)Z
∼ // (0, 0, 1)⊥Y ′/(0, 0, 1)Z
∼= H2(Y ′,Z).
By the Global Torelli theorem this implies Y ∼= Y ′.
ii) Orlov’s proof [17] (or [12, Sect. 10.2]) shows that if Db(X) ∼= Db(X ′),
then X ′ is isomorphic to a moduli space MH(v) of Gieseker stable (with
respect to H) sheaves on X with Mukai vector v = (r, aℓ, s), where
(9) ℓ ∈ NS(X) primitive, g.c.d(r, a(ℓ.H), s) = 1, and a2(ℓ.ℓ) = 2rs.
Clearly, the last equality is just expressing dim(MH(v)) = dim(X
′) = 2. The
fact that r, a, s are coprime not only ensures that every Gieseker semistable
sheaf is Gieseker stable, but also that the moduli space is fine (see [8, Cor.
4.6.7]). Moreover, one may assume r ≥ 2 if X and X ′ are not already
isomorphic.
iii) Observe that if g.c.d.(r, a) = 1 and if H ′ is a polarization not lying on
a wall, then MH′(v) = MH′(v)
µss, i.e. every Gieseker H ′-stable sheaf with
Mukai vector v is µ-stable (see [8, Thm. 4.C.3]). Furthermore, if E and
E ′ are the universal families on X ′ × X = MH(v) × X and MH′(v) × X,
respectively, then the equivalence
Db(X ′)
∼
ΦE
// Db(X)
∼
Φ−1
E′
// Db(MH′(v))
sends (0, 0, 1) to ΦHE ′
−1
(ΦHE (0, 0, 1)) = Φ
H
E ′
−1
(v) = (0, 0, 1). Hence, due to
i), one has X ′ ∼= MH′(v), i.e. X
′ is isomorphic to a fine moduli space of
µ-stable sheaves.
iv) Let us now treat the case of Picard number one. The argument used
here is not very geometric, as it makes use of a counting of primitive em-
beddings into the K3 lattice. (Is there a better one?)
According to [7, Thm. 2.1] every K3 surface X ′ derived equivalent to
a given K3 surface X with Pic(X) = Zℓ is isomorphic to a moduli space
MH(v) with v = (r, ℓ, s) and g.c.d.(r, s) = 1. In particular, the determinant
is primitive and this ensures that µ-semistability implies µ-stability (use iii)
or, more directly, the assumption ρ(X) = 1). The proof of this result relies
in an explicit counting of all Fourier–Mukai partners in [16] and a counting
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of all Fourier–Mukai partners arising as one of these moduli spaces (see also
[19]).
v) For the case of ρ(X) ≥ 2 we need to modify a given Mukai vector by
spherical twists and line bundle twists. This shall be prepared now.
Recall that O ∈ Db(X) is a spherical object and therefore induces an
autoequivalence TO : D
b(X)
∼ //Db(X), the spherical twist. Its action THO
on H˜(X,Z) interchanges the generators of H0 and H4 (up to sign) and
leaves invariant H2(X,Z). If v satisfies (9), then v′ := ±THO (v) does as well.
(Choose the sign such that the rank of v′ is non-negative.) Thus, the moduli
space MH(v
′) is non-empty and fine. If E ′ denotes the universal family on
MH(v) × X, then the cohomological Fourier–Mukai transform induced by
the composition
Db(MH(v
′))
∼
Φ
E′
// Db(X)
∼
T−1
O
// Db(X)
∼
Φ−1
E
// Db(MH(v))
maps (0, 0, 1) to (0, 0, 1). Hence, due to i), one has MH(v
′) ∼= MH(v). (If
v′ = −THO (v), then replace T
−1
O by T
−1
O [1].)
If L˜ ∈ Pic(X), then the autoequivalence L˜⊗ ( ) : Db(X)
∼ //Db(X) maps
(on the cohomology) v ∈ H˜(X,Z) to v˜ := exp(c1(L˜)) · v, which once again
satisfies (9). As above,
Db(MH(v˜))
∼
Φ
E˜
// Db(X)
∼
L˜∗⊗( )
// Db(X)
∼
Φ−1
E
// Db(MH(v))
sends (0, 0, 1) to (0, 0, 1). Hence, MH(v˜) ∼=MH(v).
Summarizing, we conclude that the Mukai vector v can be modified at
will by THO and exp(ℓ˜) with ℓ˜ ∈ NS(X) without changing the isomorphism
type of the moduli space.
vi) We are now ready to treat the case ρ(X) ≥ 2. Suppose v = (r, aℓ, s)
satisfies (9) and r + aℓ = α(r′ + a′ℓ) with g.c.d.(r, a) = 1 (or, equivalently,
r′ + a′ℓ ∈ (H0 ⊕H2)(X,Z) is primitive). Since ρ(X) ≥ 2, we may choose a
primitive ℓ˜ ∈ NS(X) linearly independent of ℓ. Consider
exp(ℓ˜) · v =
(
r, aℓ+ rℓ˜, s˜ := s+ r(ℓ˜.ℓ˜)/2 + a(ℓ˜.ℓ)
)
.
Then r+aℓ+ rℓ˜ = α(r′+a′ℓ+ r′ℓ˜) and r′+a′ℓ+ r′ℓ˜ primitive. Furthermore,
as α divides r and a and g.c.d.(r, a, s) = 1, one has g.c.d.(α, s˜) = 1.
Hence, for THO (exp(ℓ˜) ·v) rank and determinant are coprime. Thus, either
X ∼= X ′ or X ′ is isomorphic to a moduli space of µ-stable sheaves on X.
vii) In the last step, one has to show that either X ′ ∼= X or X ′ is iso-
morphic to a fine moduli space of µ-stable locally free(!) sheaves on X.
According to iv) and vi), X ∼= X ′ or X ′ is isomorphic to a fine moduli space
MH(v) of µ-stable sheaves with v = (r, ℓ, s) and r > 0. Suppose there exists
a µ-stable torsion free sheaf [E] ∈MH(v) which is not locally free.
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Consider the natural sequence
0 // E // E∨∨ // S // 0,
for which S is torsion. Since E is µ-stable and S is concentrated in dimension
zero, E∨∨ is a µ-stable vector bundle. As Mukai observed in [14, Prop.
3.9], the assumption that [E] ∈ MH(v) and hence ext
1(E,E) = 2 implies
S ∼= k(x). Deforming x ∈ X and the surjection E∨∨ // // k(x) with it, yields a
family of kernels of dimension dim(X)+dim(P(E∨(x))) = 2+ r− 1. Hence,
r = 1, which implies X ∼= X ′.
Thus all sheaves [E] ∈MH(v) are locally free. 
5. Derived equivalence yields abelian equivalence
SupposeX andX ′ are two derived equivalent K3 surfaces. By Proposition
4.1, there exists an isomorphism X ∼= X ′, the trivial case that will not be
discussed, or X ′ is isomorphic to a fine moduli space of µ-stable vector
bundles on X. In the latter case we shall denote the universal family on
X ×X ′ by E . So, for any closed point y ∈ X ′ the restriction Ey := E|X×{y}
is a µ-stable vector bundle on X. Here, µ-stability is taken with respect
to a Ka¨hler class ω ∈ NS(X)R, which can be chosen integral and such that
(ω.ω) > 2. Clearly, the slope µ(Ey) is independent of y ∈ Y and there exists
a rational B-field B ∈ NS(X)Q such that µ(Ey) = (B.ω) =: β for all y ∈ X
′.
In the following we shall consider the t-structure induced by ω and B
(respectively β) and consider its heart
A := A(exp(B + iω)) = A(β).
Remark 5.1. Bridgeland shows that Z(F •) = 〈exp(B + iω), v(F •)〉 is a
stability function that satisfies the HN-property (see [4, Sect. 6,9]). So, the
t-structure induced by exp(B + iω) and together with Z define a stability
condition on Db(X).
We shall only use that Z(F •) ∈ R>0 exp(iπφ(F
•)) with 0 < φ(F •) ≤ 1
(see Remark 1.5) for any 0 6= F • ∈ A.
As was proved already by Mukai in [14], the Fourier–Mukai transform
Φ := ΦE[1] : D
b(X ′)
∼ // Db(X)
with kernel E [1] ∈ Db(X ′ × X) is an exact equivalence. Note that for a
closed point y ∈ X ′ one has
Φ(k(y)) ∼= Ey[1].
Furthermore, its inverse Ψ := Φ−1 is the Fourier–Mukai transform ΦE∨[1]
with kernel E∨[1] ∈ Db(X ×X ′).
The stability condition given by (A, Z) induces via the equivalence
Ψ : Db(X)
∼ // Db(X ′)
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a stability condition on Db(X ′). More precisely, one sets
A′ := Ψ(A)
and
Z ′(F •) :=
〈
ΨH(exp(B + iω)), v(F •)
〉
=
〈
exp(B + iω), v(ΦH(F •))
〉
.
Here, ΨH : H˜(X,Z)
∼ // H˜(X ′,Z) and its inverse ΦH : H˜(X ′,Z)
∼ // H˜(X,Z)
are the naturally induced Hodge isometries.
Clearly, Im(Z ′(F •)) ≥ 0 for any F • ∈ A′ and any k(y) = Ψ(Ey[1]) satisfies
Z ′(k(y)) = Z(Ey[1]) ∈ R. As by Proposition 2.2 the µ-stable vector bundles
Ey yield minimal objects Ey[1] ∈ A, this shows that all point sheaves k(y)
are minimal objects in A′, hence stable, of phase φ′(k(y)) = 1.
Next recall that
ΨH(exp(B + iω)) = λ exp(B′ + iω′)
for some ample class ω′ ∈ NS(X ′) and a positive integer λ (see [11, Sect. 5]
or [24, Lemma 7.1]). (Note that since ΨH is an integral Hodge isometry, λ
and ω′ are indeed integral.)
We wish to compare the abelian category A′ ⊂ Db(X ′) with the heart
A(exp(B′ + iω′)) associated to the ample class ω′ and the B-field B′.
Proposition 5.2. The two abelian subcategories A′ and A(exp(B′ + iω′))
coincide, i.e.
A′ = A(exp(B′ + iω′)) ⊂ Db(X ′).
Proof. The proof is an immediate consequence of the discussion in Section
6 of [4]. Bridgeland shows that the heart of any stability condition on
Db(X ′) for which all point sheaves k(y) are stable of phase one is of the
type claimed by the proposition. For the convenience of the reader (and
because the result in [4] is not quite phrased as explicitly as our assertion)
we include the argument. (Also, we don’t really use that A′ is the heart of
a stability condition.)
To shorten the notation, we let β′ := (B′.ω′) and denote the abelian
category A(exp(B′ + iω′)) simply by A(β′) (the polarization ω′ is under-
stood). Similarly, the torsion pair of Coh(X ′) defining A(β′) is denoted
(T (β′),F(β′)).
Bridgeland defines a torsion pair (T ′,F ′) in Coh(X ′) by
T ′ := A′ ∩ Coh(X ′) and F ′ := A′[−1] ∩Coh(X ′),
for which it is easy to verify that its tilt yields A′. All what is needed to
prove this is collected in [4, Lemma 6.1] (see also the arguments in the proof
of Proposition 2.2):
a) Any object F • ∈ A′ is concentrated in degree 0 and −1 and H−1(F •) is
torsion free.
b) If F • ∈ A′ is stable of phase one, then either F • ∼= k(y) or F • ∼= F [1]
with F locally free. (See the arguments in the proof of Proposition 2.2.)
c) Coh(X ′) ⊂ A′ ∪ A′[−1].
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Thus, it suffices to prove that T ′ = T (β′) and F ′ = F(β′) or, equivalently,
T (β′) ⊂ T and F(β′) ⊂ F ′.
One first proves T (β′) ⊂ T ′. Let F ∈ T (β′). Due to a) and c) any torsion
sheaf is contained in T ′. Since F/T (F ) is again in T (β′) and T ′ is closed
under extension, we can assume that F is torsion free. Next consider the
HN-filtration of F with quotients Fi+1/Fi which are all, due to the definition
of T (β′), torsion free and µ-semistable with µ(Fi+1/Fi) > β
′. Again using
that T ′ is closed under extension, we can thus restrict to the case that F
is µ-semistable and further, by using the Jordan–Ho¨lder filtration, to F µ-
stable. Now consider the decomposition of F with respect to the torsion
pair (T ′,F ′), i.e. the short exact sequence
0 // F1 // F // F2 // 0
with F1 ∈ T
′ and F2 ∈ F
′. If both F1 and F2 are non-trivial, one obtains
the contradiction
β′ ≤ µ(F1) < µ(F ) < µ(F2) ≤ β
′.
Hence, either F ∈ T ′ or F ∈ F ′. The latter can be excluded as follows. Any
object in F ′ is of the form Ψ(E•)[−1] with E• ∈ A. Therefore, Im(Z ′(F )) =
−Im(Z(E•)) ≤ 0 contradicting F ∈ T (β′), i.e. µ(F ) > β′.
Next, one shows F(β′) ⊂ F ′. For this purpose pick F ∈ F(β′), which
by definition is torsion free and such that all HN-factors have slope ≤ β′.
As above, it suffices to show that any µ-stable torsion free sheaf F with
µ(F ) ≤ β′ is contained in F ′. The same reasoning as above allows one
to conclude that either F ∈ F ′ or F ∈ T ′. If F ∈ T ′, then choose a
point y ∈ X ′ and a surjection ϕ : F // // k(y) in Coh(X ′). Considered as
a morphism in A′ it is non-trivial and, since k(y) is minimal in A′, also
surjective. Thus, its kernel F1 is again contained in T
′ ⊂ A′ and satisfies
Z ′(F1) ∈ R<0. Hence Z
′(F ) = Z ′(k(y)) + Z ′(F1). Now continue with F1.
This leads to Z ′(F ) = kZ ′(k(y))+
∑k
i=1 Z
′(Fi) with Z
′(Fi) ∈ R<0 and hence
to a contradiction for k //∞. 
By definition Ψ induces an equivalence A
∼ //A′. This yields the second
part of Theorem 0.1.
Corollary 5.3. If X and X ′ are two derived equivalent K3 surfaces, then
there exist complexified polarizations B + iω and B′ + iω′ on X respectively
X ′ and an equivalence
AX(exp(B + iω)) ∼= AX′(exp(B
′ + iω′)).
Remark 5.4. Suppose Φ : Db(X)
∼ //Db(X ′) is any equivalence such that
ΦH(exp(B+ iω)) = exp(B′+ iω′) up to a positive scalar, e.g. Φ induced by a
universal sheaf of Gieseker stable torsion free sheaves. Then Φ(AX(exp(B+
iω)), Z) is the heart of a stability condition on X ′ in the same fibre of π :
Stab(X ′) //P+0 (X
′) as (AX′(exp(B + iω), Z
′). If it is contained in Bridge-
land’s distinguished component Σ(X ′), then there exists an autoequivalence
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Ψ of Db(X ′) such that Ψ(Φ(AX(exp(B + iω)))) = AX′(exp(B
′ + iω′)). The
above calculation shows that for the Fourier–Mukai equivalence induced by
the universal family of µ-stable vector bundles we do not need to check
whether the image is contained in Σ(X ′) and can set directly Ψ = id.
6. Twistor space interpretation
Suppose ω is a Ka¨hler class on a not necessarily projective K3 surface
X. Identifying ω with its unique Ricci-flat (hyperka¨hler) representative
allows one to write down an explicit model of the associated twistor space
π : X // P1. If I is the complex structure defining X and J,K are the
complementary ones determined by ω, then X is X × P1 endowed with the
complex structure acting by (λ1I + λ2J + λ3K, IP1) in (x, λ := (λ1 + λ2 +
λ3)) ∈ X × P
1.
In particular, π, which is by definition the second projection, is holomor-
phic and for any x ∈ X the curve Lx := {x} × P
1 ⊂ X × P1 = X is a
holomorphic section of π, the twistor sections.
i) To Lx one associates OLx ∈ Coh(X ), which has the property that
OLx |X=π−1(I)
∼= k(x).
Suppose E is a holomorphic vector bundle on X which is µ-stable with
respect to ω. Then E admits a unique Hermite–Einstein metric. The curva-
ture of the induced Chern connection satisfies the Hermite–Einstein equation
iΛωF∇ = η·id with η
∫
X
ω2 = 4πµ(E). Thus, if µ(E) = 0, the equation reads
iΛωF∇ = 0. The bundle E can be viewed as a complex vector bundle simul-
taneously on all the fibres Xλ = π
−1(λ) and, as was first observed by Itoh
(see e.g. [1, 21]), the (0, 1)-part with respect to λ defines again a ∂¯-operator.
Thus, (E,∇(0,1)λ) is a holomorphic vector bundle on Xλ. Moreover, these
bundles glue to a holomorphic vector bundle on X .
ii) To any µ-stable vector bundle E on X with µ(E) = 0 one associates
a distinguished vector bundle E ∈ Coh(X ) with E|X ∼= E.
In the above situation consider a generic fibre Xλ and F ∈ Coh(Xλ).
Since Xλ does not contain any curves, the torsion of F is concentrated in
dimension zero and therefore admits a filtration with quotients isomorphic
to some k(x).
The fibre Xλ is endowed with a natural Ka¨hler form ωλ = λ1ωI + λ2ωJ +
λ3ωK and deg and µ are considered with respect to it. Due to the generic
choice of λ, one has deg(L) = 0 for any line bundle L ∈ Pic(Xλ). In
particular, the reflexive hull F∨∨ is (if not trivial) a µ-polystable vector
bundle, which can by the above procedure obtained as a restriction of the
direct sum of some E .
Thus, for generic λ ∈ P1 the coherent sheaves
OLx |Xλ and E|Xλ
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with OLx and E as in i) respectively ii) generate the category Coh(Xλ), i.e.
any coherent sheaf on Xλ admits a filtration with quotients of this type.
This fact is central for the discussion in [22].
Let us now pass from Coh to A. Although, Xλ is not projective for generic
λ, the category AXλ(exp(iωλ)) can still be constructed as in Section 1.
Proposition 6.1. For the generic twistor fibre Xλ the minimal objects of
the abelian category AXλ(exp(iωλ)) are k(x) with x ∈ Xλ, and E[1], where
E is a µωλ-stable vector bundle.
They generate the abelian category.
Note that the second assertion is neither true for Coh(X) withX arbitrary
(projective or not) nor for A(exp(iω)) in the algebraic case. Indeed, the
minimal objects k(x) ∈ Coh(X) do not generate locally free sheaves neither
do the minimal objects of A(exp(iω)) described by Proposition 2.2 generate
F [1] with F locally free of negative slope.
Proof. For the description of the minimal objects of A := AXλ(exp(iωλ))
one follows the arguments in Section 2. The proof that the k(x) and F [1]
are minimal did not use any projectivity. To show that minimal objects are
of this form, observe that all line bundles are of degree zero. Thus, objects
of the form F [1] with F locally free and µ-stable of negative slope do not
exist.
Again using that line bundles are of degree zero, one proves that Xλ does
not contain any curves. Hence, if F • ∈ A, then H0(F •) is a torsion sheaf in
dimension zero. For the same reason, H−1(F •) is a µ-semistable torsion free
sheaf of slope zero. Since such a torsion free sheaf F gives rise to a short
exact sequence
0 // F∨∨/F // F [1] // F∨∨[1] // 0
in A, every object in A does indeed admit a filtration with quotients iso-
morphic to k(x) or E[1] as claimed. 
The conclusion of the above discussion is that the minimal objects of
AX(exp(iω)) deform naturally to minimal objects in AXλ(exp(iωλ)) on the
generic twistor fibre, where they generate the abelian category. In this
respect, AX(exp(iω)) behaves better than Coh(X) itself, as the minimal
object, which are simply the k(x)’s, do deform but never generate Coh(Xλ).
Up to now we have only considered A(exp(iω)) or, only virtually more
general, A(exp(B+iω)) with (B.ω) = 0. The case (B.ω) can be dealt with in
a similar fashion. Roughly, stable vector bundles of slope µ = (B.ω) do not
deform sideways in the twistor space, but their projectivizations do. This
is the point of view in [22], which we will complement by briefly discussing
the twistor space associated to the complexified Ka¨hler form B + iω. This
uses the language of Hitchin’s generalized Calabi–Yau structures and their
period domains. I believe that eventually this will be conceptually the right
way of dealing with the general case.
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Let us start with a few remarks on the various period domains (see [10]
for more details). By definition
Q := {x | (x.x) = 0, (x.x¯) > 0} ⊂ P(H2(X,C)) ∼= P21
and
Q˜ := {x | 〈x.x〉 = 0, 〈x.x¯〉 > 0} ⊂ P(H˜(X,C)) ∼= P23.
Furthermore, we set Q′ := Q˜ ∩ P((H2 ⊕ H4)(X,C)). These three are the
period domains of ordinary K3 surfaces, generalized Calabi–Yau structures
ϕ, and generalized Calabi–Yau structures ϕ with ϕ0 = 0.
For the K3 surface X with its holomorphic volume form σ and with a
chosen Ka¨hler class ω one defines
T˜ (iω) := P(〈Re(σ), Im(σ),Re(exp(iω)), Im(exp(iω))〉) ∩ Q˜
∼= P3 ∩ Q˜.
The base of the twistor space π : X // P1 considered above is via the period
map identified with T (iω) := T˜ (iω) ∩Q = T˜ (iω) ∩Q′. Note that a general
P3 ⊂ P23 would intersect Q in only two points.
For a complexified Ka¨hler form B + iω one has the generalized twistor
space T˜ (exp(iω)) = exp(B) · T˜ (iω), which for (B.ω) 6= 0 intersect Q only in
two points. The restricted twistor space
T (exp(B + iω)) = T˜ (exp(B + iω)) ∩Q′ = exp(B) · T (iω)
parametrizes the generalized Calabi–Yau structures of the form σλ+σλ∧B,
where σλ is the holomorphic volume form on Xλ.
The above discussion should in the case (B.ω) 6= 0 translate into saying
that a µ-stable vector bundle F of slope µ(F ) = (B.ω) naturally deforms to
a ‘bundle with respect to σλ+σλ∧B’. A general theory of coherent sheaves
for generalized Calabi–Yau structure (of the form σ + σ ∧ B) still awaits
to be developed, but for rational B, they should correspond to αB-twisted
sheaves with αB = exp(B
0,2) ∈ H2(O∗). This fits with the point of view in
[22] (see also [9, Prop. 2.3]).
7. Stability of FM-transforms
Suppose E on X ×MH(v) is a universal family of µ-stable vector bundles
on X such thatMH(v) is isomorphic to a K3 surface X
′. The Fourier–Mukai
transform with kernel E is an equivalence Φ := ΦE : D
b(X)
∼ //Db(X ′). A
natural question, studied in a number of papers (see e.g. [1, 21, 26]), is the
following:
When is the image Φ(E) of a µ-stable vector bundle E again a
(shifted) µ-stable vector bundle on X ′.
(The polarization on X is H and the one on X ′ has to be chosen ap-
propriately.) It is known (see [26]) that one cannot expect stability in full
generality.
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The point I wish to make in this section is that the answer is yes for the
large class of minimal objects in A and that our discussion gives a conceptual
and straightforward proof for it.
For the following we let X ′ be a K3 surface isomorphic to a fine moduli
spaceMH(v) of µ-stable vector bundles on X with Mukai vector v = (r, ℓ, s).
Denote the universal family on X×X ′ by E and the induced Fourier–Mukai
equivalence by Φ = ΦE : D
b(X)
∼ //Db(X ′).
Proposition 7.1. There exists a polarization H ′ on X ′ such that for any
µ-stable vector bundle E on X with µ(E) = −(ℓ.H)/r one has either
• Φ(E) ∼= k(y)[−2] if [E∨] ∈MH(v) or otherwise
• Φ(E) ∼= F [−1] with F a µH′-stable vector bundle on X
′.
Proof. As the proof will show, one could more generally consider µ-stability
with respect to a Ka¨hler class ω (and not H) on X and then find a Ka¨hler
class ω′ on X ′ with the asserted property.
First choose a B-field B ∈ NS(X)Q such that the slope µ(Ey) = (ℓ.ω)/r
equals β := (B.ω). Then consider the induced stability condition with heart
AX(exp(B + iω)).
Following the discussion in Section 5, ΦH(exp(B + iω)) = λ exp(B′ +
iω′) for some λ > 0 and a Ka¨hler class ω′ on X ′, which is rational if ω
was. Furthermore, Proposition 5.2 states that Ψ := ΦE∨[1] restricts to an
equivalence
Ψ : AX(exp(B + iω))
∼ //AX′(exp(B
′ + iω′)).
Clearly, under this equivalence minimal objects are mapped to minimal ob-
jects and the minimal objects on either side have been described by Propo-
sition 2.2.
If E is a µ-stable vector bundle on X with µ(E) = −β, then E∨[1] is a
minimal object in AX(exp(B+ iω)). Thus, either Ψ(E
∨[1]) ∼= k(y) for some
closed point y ∈ X ′ or Ψ(E∨[1]) ∼= F [1] for some µ-stable vector bundle on
X ′. As Ψ−1(k(y)) = ΦE[1](k(y)) ∼= Ey[1], the first case occurs precisely if
E∨ ∼= Ey for some y ∈MH(v), i.e. if [E
∨] ∈MH(v).
To conclude, we observe Ψ(E∨[1]) ∼= ΦE∨[1](E
∨[1]) ∼= ΦE∨(E
∨)[2] and by
Grothendieck–Verdier duality ΦE(E) ∼= ΦE∨(E
∨)∨[−2] ∼= Ψ(E∨[1])∨, which
is either k(y)∨ ∼= k(y)[−2] or (F [1])∨ ∼= F∨[−1]. 
So, roughly µ-stable vector bundles of the same slope (up to sign) as the
ones parametrized by the moduli space in question have µ-stable Fourier–
Mukai transform.
Remark 7.2. i) In [26] Yoshioka constructs an explicit example of a µ-
stable vector bundle with unstable Fourier–Mukai transform. An easy check
reveals that due to the numerical conditions he imposes his example is indeed
not covered by the proposition.
ii) Bartocci et al. have proved in [1] the result for the case µ = 0. They
use the hyperka¨hler structure of the K3 surface and the interpretation of
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µ-stable vector bundles as bundles on the twistor space in a crucial way (see
Section 6). In [21] Verbitsky tried to generalize this approach to the case
of non-vanishing slope by working with a similar result for the associated
projective bundles.
iii) In [24] Yoshioka presents further results on the stability of Fourier–
Mukai transforms for the case of Picard number one and µ(E∨) = µ(Ey) +
1/(rk(E)r). This is not covered by our result.
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